A simplified model of cracking and damage in RC circular elements is proposed. The model can be used for the structural assessment of arches and rings. The constitutive equations are based on lumped damage mechanics which is an adaptation of fracture and continuum damage mechanics to the theory of frames with plastic hinges. An arch element is assumed to be the assemblage of an elastic circular component and two inelastic hinges where the main inelastic effects, plastic yielding of the longitudinal reinforcement and concrete cracking, are concentrated. Deformations in the elastic part are assumed to be small but the model may include some geometrically nonlinear effects due to large displacements or rotations of the hinges. The numerical examples presented in the paper show that the model describes correctly the global behavior of two structures including the softening phase.
Introduction
Continuum damage mechanics (CDM) is the last of the major theories for structural assessment. Since its beginning during the sixties and seventies of the last century, this approach has had a huge success in research centers. However, the number of practical applications of the classic CDM was disappointingly small. Modeling of material deterioration naturally leads to constitutive equations that exhibit softening with all the associated mathematical problems: infinite number of solutions or no solutions at all, absence of convergence with respect to the FE meshes, and so on. Mathematical regularization of the damage models became a priority in the field during the next two decades. The best known of these procedures are the use of nonlocal damage models and gradient enhanced models. However the number of practical applications of the modern CDM is still very low. The physical justifications of those mathematical procedures are not very strong and the regularized models lead to complex and inefficient numerical algorithms that are not well-suited for tridimensional modeling of real engineering structures.
Fracture mechanics is a very powerful tool for the description of propagation of a small number of cracks in a continuum. This approach has had a great success in the case of structures with simple geometries and homogeneous materials. However, the number of studies of crack propagation in reinforced concrete structures is still low and limited to rather academic cases. It is not easy to model the nonlinear behavior of the concrete, the degree of confinement and the influence of the transversal as well as longitudinal reinforcement on the conditions of crack propagation. The analysis of large and complex structures is still out of the question.
An alternative approach for analyzing complex engineering structures is based on simplified methods; specifically the use of frame elements with plastic hinges. The concepts and methods of CDM and fracture mechanics have been included into the theory of frames. The result is called lumped damage mechanics (LDM). LDM has been used to model cracking propagation in reinforced concrete frames. Alva and El Debs (2010) , Araujo and Proença (2008) , Cipollina et al. (1995) and Rajasankar et al. (2009) describe models for planar frames where fracture mechanics criteria are lumped at the plastic hinges. Faleiro et al. (2010) , Liu and Liu (2004) and Santoro and Kunnath (2013) proposed the use of damage evolution laws instead of fracture energy criteria in order to describe the collapse of RC frames. Toi and Hasegawa (2011) presented a LDM model where the location of the inelastic hinges in an element may be variable as well as a new damage evolution law. Marante and Florez-Lopez (2003) proposed a LDM model for tridimensional RC frames; Yang and Wang (2010) used that model in order to simulate damage due to impact loadings. Models for frames including softening, based or not on LDM, are already used in practical applications.
However, so far, the aforementioned studies consider only straight elements. Reinforced concrete arches and rings are also very common structures; they are used as supports for bridges and roofs or in tunnels and hydraulic structures. A finite element for elastic circular arch elements giving exact solutions was proposed by Palaninathan and Chandrasekharan (1985) . This work was extended to the case of elastic parabolic elements by Marquist and Wang (1989) and by Flórez-López and Proença (2013) including plastic hinges. Still, none of the aforementioned works consider specifically reinforced concrete arches or damage of any kind.
Damage and plastic collapse may be the failure mechanism of arches when in plane or out of the plane instability is prevented providing sufficient bracing. Concrete cracking is also the main failure mechanism in tunnel coatings. In order to describe this phenomenon, two alternatives have been proposed in the literature. The first one consists in the use of CDM models in combination with beam or shell theory (see for instance Tang et al. (2005) ) with all the associated localization problems. The second one is based on fracture mechanics as described in Shi (2009) which also requires a significant computation effort, especially if the influence of the reinforced is taken into account.
In this paper, a simplified approach, based on LDM, for the analysis of RC arch elements is presented. An arch element is assumed to be the assemblage of an elastic circular component and two inelastic hinges where the main inelastic effects, plastic yielding of the longitudinal reinforcement and concrete cracking, are concentrated. Deformations in the elastic part are assumed to be small but the model may include some geometrically nonlinear effects due to large displacements or rotations of the hinges. Damage evolution in the plastic hinge is described using a generalized form of the Griffith criterion. Generalized versions of CDM, as the hypothesis of strain equivalence and effective moments, are also used in the formulation.
The paper is organized as follows, in Section 2 the kinematics and statics of circular frames is presented as in Flórez-López and Proença (2013) . The theory for arches with damage is proposed in Sections 3-8. The validation of the model through two numerical examples is presented in Section 9. The last three sections compares the proposed approach with the established procedures, discusses convergence of the results and the final conclusions.
Statics and kinematics of circular arches
Consider a RC structure composed by circular elements as the one shown in Fig. 1 . Introduce a set of global axis X G Z G . The displacements of a node i are represented by u i ; w i ; h i . The arch is divided into two-node elements.
Consider now an element b between nodes i and j. The element is defined by the coordinates of its nodes and the radius R b . The matrix of nodal forces (see Fig. 2 ) for the element is denoted by:
where the super index t indicates transpose. For each element, a local coordinate system x b z b is also introduced (see Fig. 1 ). The origin of the local system lies on the center of the arch and the axes z b passes by the node i. The element forms an arc of circle a b . The angle between the global axis Z G and the local axis z b is denoted as b b . Both angles can be computed from the radius and the coordinates of the nodes. Following the same notation used in Powell (1969) , a second static variable in local coordinates is introduced, the generalized stress matrix {r} b (see Fig. 2 ):
where m i and m j are the bending moments on the ends i and j, and n i is the axial force (compression is positive) on extreme i. Nodal forces and generalized stresses are related by the following equilibrium equation (see the appendix to this paper): 
Note that both sides of (4) give the mechanical power of the element; the left-hand side gives it in terms of the generalized stresses while the right-hand defines it in terms of the nodal forces. Thus, according to (3) and (4), generalized deformations and displacements are related by the following kinematic equation:
If nonlinear geometric effects are neglected, the transformation matrix can be considered as approximately constant during the movement of the structure:
where [B o ] b is the transformation matrix in the initial, undeformed, configuration, then the equilibrium and kinematic equation become:
3. Hypothesis of strain equivalence in arches via lumped damage mechanics
Continuum damage mechanics (see for instance Lemaitre and Chaboche (1988) ) is based on the introduction of an internal variable that measures micro-cracks density. This variable, called damage and represented by x, can take values between zero and one.
Damage is introduced into the constitutive equations through two simple and powerful ideas: an effective stress and the hypothesis of strain equivalence; the latter postulates that the behavior of a damaged material may be described by the same equations of an undamaged state, if the conventional Cauchy stress is substituted by the effective one. For instance, in the case of a straight bar subjected to axial forces, the effective stress and the hypothesis of strain equivalence are given by:
where r is the Cauchy stress, r the effective stress, E the elasticity modulus, e the infinitesimal strain measure and e p the plastic strain.
The elasticity law (8) can also be written in terms of flexibility:
Notice that the hypothesis of strain equivalence can now be formulated in an alternative way (Perdomo et al., 2013) :
Expressions (8), (9) and (10) are of course identical. I.e. the hypothesis of strain equivalence may also be formulated as the decomposition of the total strain into three terms, an elastic one computed by Hooke's law, a plastic strain and a damage-related one. The latter is equal to zero when the damage is nil and tend to infinite when the damage tends to one. Alternatively, it can also be said that the hypothesis of strain equivalent splits up the flexibility of the material into two terms: an elastic one (1/E), and an additional term due to micro-cracking x/E(1 À x). Again, the additional flexibility is zero when there is no damage and tends to infinite when the damage tends to one.
Consider now the case of the circular frame element and not a bar as in (8-10). In order to reproduce inelastic effects, it is assumed the hypothesis of lumped plasticity and damage as indicated in Fig. 3 . I.e. it is assumed that all inelastic effects can be concentrated into plastic hinges with damage or inelastic hinges. In other words, the framework under consideration is not CDM anymore but that of LDM.
A generalized form of the strain equivalence hypothesis for LDM based on (10) is:
where now, the column matrix {e} b is not a strain tensor but the measure of the arch deformations as defined in (4). The term {e e } b includes the elastic deformations, i.e. the deformations of the elastic part of the arch; the second matrix contains the generalized plastic deformations of the inelastic hinges and the third one a damage part. All the matrices in the right-hand side of (11) are defined in the following sections.
Elastic deformations
Generalized elastic deformations and stresses are related by the well-known concept of flexibility matrix [F o ]:
The components of the flexibility matrix can be computed using Castigliano's theorem (Flórez-López and Proença, 2013) . Be U b the strain energy of an element b:
where EI b , and AE b are the conventional bending and axial stiffness, M(h) is the bending moment distribution over the arch element and N(h) the axial force. Bending moments and axial forces on any section h of the arch can be computed as a function of the generalized stresses by equilibrium considerations:
Then, the components of the flexibility matrix are given by:
Explicit expressions for the components of the flexibility matrix can be found in Flórez-López and Proença (2013).
Plastic deformations
Inelastic hinges experience plastic rotations and permanent elongations as shown in Fig. 4 . The plastic power _ W p is therefore given by: 
According to (14):
If plastic elongations are neglected, generalized deformations / 
Damage in an inelastic hinge and damage deformations
Introduce now another set of internal variables, the damage matrix
, that includes a measure of concrete cracking similar to the one introduced in Cipollina et al. (1995) . The damage parameters d i and d j take values between zero and one as the continuum damage variable x, but this time they characterize macrocrack densities as lumped in the hinges (see Fig. 5 ).
Using again a generalized form of the strain equivalence hypothesis for LDM, the damage deformation matrix can be written as: 
Notice that, indeed, damage deformations or additional flexibility are nil if the damage values are zero and tend to infinite if damage tends to one. The Eqs. (11), (12) and (19) give the elasticity law of a damaged arch element: (20) is symmetric. It is important to indicate that the damage variables of LDM can be measured experimentally (Cipollina et al., 1995) . Notice too that the damage values can be related to the potential of reparability of the element (Alarcón et al., 2001 ), thus they may be used to evaluate the performance of the structure under a given set of loadings.
Generalized Griffith criterion
In classic fracture mechanics, conditions for crack propagations are obtained through an energy balance. The same approach can also be carried out in LDM (Cipollina et al., 1995) . The complementary energy of an arch element can be written as:
Thus, energy release rates, or damage driving moments, for the inelastic hinges can be defined as:
The Griffith criterion states that crack propagation is only possible if the energy release rate is equal to the crack resistance:
where Dd i represents the damage increments in hinge i and R(d i ) the crack resistance. The latter was identified experimentally (Cipollina et al., 1995) for straight elements:
The crack resistance has an initial value R 0 and a logarithmic hardening term that is proportional to the parameter q. This phenomenon is due to the presence of the reinforcement that blocks crack propagation.
It has been shown experimentally that the same crack resistance function describes crack propagation due to shear (Perdomo et al., 2013) and torsion (Avon et al., 2009 ) in RC elements. It is assumed in this work that the same expression can be used in the case of bending on curved components.
The Griffith relationship G i = R(d i ) defines a relationship between damage and moment on an inelastic hinge that is represented in Fig. 6 .where M cr is the first cracking moment of the cross-section and M u the ultimate moment. Thus, the constants of the crack resistance functions R 0 and q can be computed from those well-known concepts of the conventional reinforced concrete theory (Cipollina et al., 1995) .
Yield function of a plastic hinge with damage
The last set of equations corresponds to the plastic rotation evolution laws. Be f i 6 0 and f j 6 0 the yield functions of, respectively, plastic hinges i and j. The plasticity laws, neglecting plastic elongations, are: 
Then
where M y is the effective yield moment and c the effective plastic stiffness. Both parameters can also be computed from conventional concepts of the theory of reinforced concrete: the yield moment M p , the ultimate plastic curvature v u p and the plastic hinge length l p (Cipollina et al., 1995) .
Model validation
The model of damage for the arch elements is defined by the kinematic and equilibrium equations (7), the elasticity law (20), the generalized Griffith criterion (23) and the plasticity law (25). Note that those equations define a conventional non-linear finite element (i.e. a relationship between nodal displacements and internal forces) that can be included into the library of any structural analysis program (see Fig. 7 ). Any standard algorithm for multi-criteria plasticity could be used to solve numerically the resulting local problem. A FORTRAN routine compatible with a commercial FE program (ABAQUS) and an academic one (Uzcategui, 2012) was developed and implemented; in this finite element, the local problem was solved using the algorithms described in Simo et al. (1988) and Marante and Florez-Lopez (2003) .
In this section, two examples that show the performance of the model are presented. The first one is the numerical simulation of a test carried out by Caratelli et al. (2011) (see Fig. 8 ).
The RC segment was represented by two arch elements (although only one would be needed) as shown in the same figure. Cracking, yield and ultimate moments as well as the ultimate plastic rotation were computed using textbook reinforced concrete theory from the data reported in Caratelli et al. (2011) . Subsequently, the model parameters were computed using the aforementioned procedures. 
The comparison between test and simulation can be seen in Fig. 9 in a curve of displacement vs. force on the top of the segment. Note the good agreement obtained in the simulation.
The second example consists in the numerical simulation of a test carried out by Nishikawa (2003) . The specimen under consideration was similar to the one of the previous example but the loading was applied in two points of the segment (see Fig. 10a ). The specimen was represented using two arch elements as shown in the Fig. 10b . The comparison between test and model is presented in Fig. 11 . This time, the parameters for the simulation were not computed but identified from the experimental results because of lack of the pertinent information:
10 kN mm 2 ; AE ¼ 0:1092 Â 10 7 kN; R ¼ 1409 mm
Fig . 12 shows the bending moment distribution at four different stages of the loading; in the horizontal axis the position of the cross-sections is represented by its angle with respect to the axis of symmetry of the arch; bending moments at the internal cross sections were computed using (14). Fig. 13 indicates the deformed configurations and the damage as well as plastic rotations of the hinges. Figs. 12a and 13a correspond to the initiation of cracking at hinges 1 and 2. Up to this stage, the behavior of the arch is elastic; note that the maximum bending moments are equal to the first cracking moment of the cross-section. Figs. 12b and 13b correspond to the initiation of yielding of the longitudinal reinforcement, hence appearance of plastic rotations. At this stage, damage has evolved in hinges 1, 2 and 3 reaching values of 0.20; the resulting damage rotations of the hinges where computed using (19) and are indicated in Fig. 13b . Physically, those damage rotations are the consequence of the crack opening displacements of the set of fissures that are assumed concentrated in the plastic hinge zone. Moments on the hinges at this stage are equal to the yield moment of the cross section.
Figs. 12c and 13c correspond to the maximum force reached during the simulation. Therefore bending moments are equal to the ultimate moments of the cross-section. At this stage, damage as well as plastic rotations are present in the inelastic hinges; their values are indicated in Fig. 13c . The state of the arch at the end of the simulation is represented in Figs. 12d and 13d .
The model captures correctly the softening phase of the behavior. Damage localization was observed in the simulation. In the hardening stage, damage evolves in the inelastic hinges 1, 2 and 3; subsequently, damage evolution stops in hinges 1 and 3 while energy dissipation concentrates only on hinge 2. This damage localization can also be observed in the bending distributions of Fig. 12c and d as well as in the damage rotations indicated in Fig. 13c and d . Note that the values of the damage rotations at hinge 1 decreased between stages c and d but augmented in hinge 2. Plastic rotation, on the other hand, remained constant in hinge 1 but continued increasing at hinge 2.
Comparison with other approaches for the analysis of fracture and damage in RC arches
Fig. 14 shows the details of the meshes used for the analysis of curvilinear concrete components with three different approaches: CDM plus beam theory, fracture mechanics and LDM (the last example of this paper).
Note the density of the meshes in the former cases. Additionally, in the CDM plus beam approach (Fig. 14a) , some regularization technique should be added in order to describe the softening phase of the behavior too. It is also a well-known fact that the global behavior of the structure is strongly conditioned by the degree of lateral confinement provided by the transversal reinforcement. Thus, the material parameters of the constitutive law for concrete should be modified as a function of the transversal reinforcement, by using procedures not yet well-known in the case of damage models. Otherwise, a tridimensional analysis with CDM would be necessary; these tridimensional meshes should also include the details of the transversal reinforcement; this option is clearly unfitted for real engineering applications.
The analysis of crack propagation based on fracture mechanics shown in Fig. 11b , does not consider any kind of reinforcement; including it would be complex computationally as well as conceptually. So far, the analysis of crack propagation in RC elements has been limited to rather academic examples.
On the other hand, LDM does not present any of these inconveniences. Very simple meshes can be used; the softening part is described without any additional regularization scheme; confinement effects can be taken into account, using well-established procedures of the classic theory of the reinforced concrete during the computation of the properties of the hinges. As a result, arches and other circular components can be included into the analysis as parts of far more complex structures very easily. In cases of reliability analysis where hundreds or thousands of analyses of a single structure are required, LDM corresponds to the best option. LDM can right now be used in real engineering applications.
On the other hand, the degree of detail of the representation provided by this simplified method is limited. This is an advantage for some applications but can also be a drawback in others. However, LDM could be used in combination with any of the classic approaches; multi-scale procedures can be imagined where global analysis using LDM elements are combined with detailed analyses using the classic approaches; then the advantages of all the approaches would be preserved.
Convergence in LDM
It is a well-known fact that constitutive equations with strainsoftening lead to solutions that are mesh-dependent; therefore, some kind of regularization scheme is needed in these cases. The regularized problem should converge to one specific solution with a characteristic localization length that depends on the parameter or parameters of the regularization procedure. LDM can also be considered as a regularization procedure per se; one in which the localization length is zero. As in the case of any regularization procedures, the user of LDM chooses a specific solution when he/she selects the location of inelastic hinges and its properties. Any discretization of the elastic part of the LDM element of Fig. 5 into more elastic components of smaller size would not change the response at all. Note that the behavior of the elastic part of the element is described using an exact solution. In this sense, the LDM element may be considered as a generalization of the direct stiffness method of the classic theory of elastic frames. This is why using one elastic component or a hundred would yield exactly the same response, as far as the number, locations and properties of the inelastic hinges are not modified (see Fig. 15 ).
This characteristic implies that the user has a previous knowledge of the location of all the zones with high crack density. This is not really an inconvenience, the same issue arises in beams and frames with conventional plastic hinges and practical engineers have been using them in real engineering problems for decades.
An arch can also be modeled as a set of straight elements with inelastic hinges as those listed in the introduction to this paper. Then, the arch would be obtained as a limit of such a mesh when the length of its elements tends to zero. This approach would present only minor inconveniences during an elastic analysis; this is not the situation when the goal is an analysis of fracture implying softening. Note that in such a case, the modeling of fracture and damage would cease to be lumped to become continuum; thus, the resulting approach would be similar to an analysis based on CDM. Then, additional regularization schemes should be necessary in order to assure the convergence of the result with respect to the mesh.
The development of specific elements with an exact elastic solution is therefore a crucial aspect of LDM.
Conclusions
Lumped damage mechanics constitutes a unified framework for structural analysis that still has an important potential for generalization and new applications. It is shown in this paper that the approach can be used for the analysis of fracture in RC arches.
LDM elements are characterized by the a set of constituents, not necessarily hinges and not necessarily two, where inelastic effects are concentrated, connected by elastic links whose behavior is described using exact solutions. Then, damage and fracture laws are lumped at the inelastic parts. Notice that the softening stage of the behavior in arches, including localization, is correctly described by the model. LDM can be used for the structural assessment of large and complex structures that includes circular components. 
Elastic components
Inelastic hinges ≡ Fig. 15 . Arch discretized into 2 elastic elements and 7 elastic elements. 
